—

REPORT DOCUMENTATION PAGE Form approved

OMB No. 0704-0188

Public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and
maintaining the data needed, and completing and reviewing the callection of information. Send comments regarding this burden estimate or any other aspect of this collection of information, including
suggestions for reducing this burden, to Washington Headquarters Services, Directorate for Information Operations and Reports, 1215 Jefferson Davis Highway, Suite 1204, Adington, VA
22202-4302, and to the Office of Management and Budget, Paperwork Reduction Project (0704-0188), Washington, DC 20503,

1. AGENCY USE ONLY (Leave blank) 2. REPORT DATE 3. REPORT TYPE AND DATES COVERED
June 1998 Professional Paper
4. TITLE AND SUBTITLE ’ 5. FUNDING NUMBERS
Extension of Relational and Conditional Event Algebra to Random Sets With PR: ZUO7
Applications to Data Fusion PE: 0601152N
AN: DN305301
6. AUTHOR(S)
L. R. Goodman, and G. F. Kramer
7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) . 8. PERFORMING ORGANIZATION

REPORT NUMBER

Space and Naval Warfare Systems Center
San Diego, CA 92152-5001

9. SPONSORING/MONITORING AGENCY NAME (S) AND ADDRESS(ES) ]
" Office of Naval Research

Independent Research Program (IR)
Arlington, VA 22217-5660 N

11. SUPPLEMENTARY NOTES

12a. DISTRIBUTION/AVAILABILITY STATEMENTR 12b. DISTRIBUTION CODE
Approved for public release; distribution is unlimited.

13. ABSTRACT (Maximum 200 words)

Conditional event algebra (CEA) was developed in order to represent conditional probabilities with differing antecedents
by the probability evaluation of well-defined individual “conditional” events in a single larger space extending the original
unconditional one. These conditional events can then be combined logically before being evaluated. A major application of
CEA is to data fusion problems, especially the testing of hypotheses concerning the similarity or redundancy among inference
rules through use of probabilistic distance functions which critically require probabilistic conjunctions of conditional events.
Relational event algebra (REA) is a further extension of CEA, whereby functions of probabilities formally representing single
event probabilities - not just divisions as in the case of CEA - are shown to represent actual "relational” events relative to
appropriately determined larger probability spaces. Analogously, utilizing the logical combinations of such relational events
allows for testing of hypotheses of similarity between data fusion models represented by functions of probabilities.
Independent of, and prior to this work, it was proven that a major portion of fuzzy logic - a basic tool for treating natural
language descriptions - can be directly related to probability theory via the use of one point random set coverage functions. In
this paper, it is demonstrated that a natural extension of the one point coverage link between fuzzy logic and random set
theory can be used in conjunction with CEA and REA 1o test for similarity of natural language descriptions.

Published in Proceedings of IMA Workshop on Applications and Theory of Random Sets, pp. 209-239, Springer-Verlag,
New York, 1997.

14, SUBJECT TERMS ' 15. NUMBER OF PAGES
Mission Area: Command and Control, Intelligence
Conditional event algebra  Functions of probabilities Probabilistics distances 16. PRICE CODE
Conditional probability Fuzzy Logic Random sets
Data Fusion One point coverage functions  Relational event algebra
17. SECURITY CLASSIFICATION 18. SECURITY CLASSIFICATION 19. SECURITY CLASSIFICATION 20. LIMITATION OF ABSTRACT
OF REPORT OF THIS PAGE OF ABSTRACT
Same as Report

NSN 7540-01-280-5500 Standard form 298 (FRONT)

N - G



r/"‘

21%. NAME OF RESPONSIBLE INDIVIDUAL

Dr. I. R. Goodman

21b. TELEPHONE (include Area Code)

(619) 553-4014

21c. OFFICE SYMBOL

D44215

NSN 7540-01-280-5500

Standard form 298 (BACK)



IMA VOLUMES IN MATHEMATICS AND ITS
APPLICATIONS, VOLUME 97

RANDOM SETS: THEORY AND
APPLICATIONS

PAPERS SELECTED FROM THE WORKSHOP ON
APPLICATIONS AND THEORY OF RANDOM SETS, HELD
AT THE INSTITUTE FOR MATHEMATICS AND ITS
APPLICATIONS, UNIVERSITY OF MINNESOTA AT
MINNEAPOLIS, AUGUST 22-24, 1996

Editors: John Goutsias, Ronald P.S. Mahler, and Hung T.
Nguyen

SPRINGER -VERLAG , New York , 1997

PREPRINT VERSION



CONTENTS

Foreword ........oiiiiii i e e v
Preface ... e e e vii
Part 1. Image Modeling and Analysis ........................... 1
Morphological analysis of random sets. An introduction............ 3
John Goutsias )
Statistical problems for random sets................. ... L. 27

Ilya Molchanov

On estimating granulometric discrete size distributions

of random Sets ...ttt 47
Krishnamoorthy Sivakumar and John Goutsias

Logical granulometric filtering in the signal-union—clutter

model . ... e 73
Edward R. Dougherty and Yidong Chen

On optimal filtering of morphologically smooth discrete

random sets and related open problems .............. ... ... .. 97
Nikolaos D. Sidiropoulos

Part II. Information/Data Fusion and Expert Systems ..... 105

On the maximum of conditional entropy for upper/lower

probabilities generated by random sets ................ ... L 107
Jean—Yves Jaffray

Random sets in information fusion. An overview................. 129
Roneald P. S. Mahler

Cramér—Rao type bounds for random set problems.............. 165
Fred E. Daum

Random sets in data fusion. Multi-object state-estimation

as a foundation of data fusion theory ............................ 185
Shozo Mori -

xtension of relational and conditional event algebra to \

random sets with applications to data fusion..................... 209
I R. Goodman end G. F. Kramer ’

Belief functions and random sets .............. ... ... ... ...l 243

Hung T. Nguyen and Tonghui Wang

xiii



xiv CONTENTS

Part ITI. Theoretical Statistics and Expert Systems ......... 257

Uncertainty measures, realizations and entropies................. 259
Ulrich Héhle and Siegfried Weber

Random sets in decision-making ....................oiiL 297

Hung T. Nguyen end Nhu T. Nguyen

Random sets unify, explain, and aid known uncertainty

methods in expert systems ..............cciiiiiiiiiii.. 321
Vladik Kreinovich

Laws of large numbers for random sets .......................... 347
Robert L. Taylor and Hiroshi Inoue

Geometric structure of lower probabilities ....................... 361
Paul K. Black

Some static and dynamic aspects of robust Bayesian theory...... 385
Teddy Seidenfeld

List of Participants ............. ... ... ... .. i, 407



EXTENSION OF RELATIONAL AND CONDITIONAL EVENT
ALGEBRA TO RANDOM SETS WITH APPLICATIONS TO
' DATA FUSION

LR. GOODMAN AND G.F. KRAMER"

Abstract. Conditional event algebra (CEA) was developed in order to represent conditional
probabilities with differing antecedents by the probability evaluation of well-defined individual
“conditional” events in a single larger space extending the original unconditional one. These
conditional events can then be combined logically before being evaluated. A major application of
CEA is to data fusion problems, especially the testing of hypotheses concerning the similarity or
redundancy among inference rules through use of probabilistic distance functions which critically
require probabilistic conjunctions of conditional events. Relational event algebra (REA) is a
further extension of CEA, whereby functions of probabilities formally representing single event
probabilities -- not just divisions as in the case of CEA -- are shown to represent actual
“relational” events relative to appropriately determined larger probability spaces. Analogously,
utilizing the logical combinations of such relational events allows for testing of hypotheses of
similarity between data fusion models represented by functions of probabilities. Independent of,
and prior to this work, it was proven that a major portion of fuzzy logic -- a basic tool for treating
natural language descriptions - can be directly related to probability theory via the use of one
point random set coverage functions. In this paper, it is demonstrated that a natural extension of
the one point coverage link between fuzzy logic and random set theory can be used in conjunction
with CEA and REA to test for similarity of natural language descriptions.

Key words. Conditional event algebra, Conditional probability, Relational event algebra,
Functions of probabilities, Random sets, One point coverage functions, Probabilistic distances,
Fuzzy Logic, Data Fusion.

AMS(MOS) subject classifications . 03B48, 60A05, 60A99, 03B52, 60DO05, 52A22.

1. Introduction. The work carried out here is motivated directly by the
basic data fusion problem: Consider a collection of multi-source information,
which, for convenience, we call “models”, in the form of descriptions and/or
rules of inference concerning a given situation. The sources may be expert-based
or sensor system-based, utilizing the medium of natural language or probability,
or a mixture of both. The main task, then, is to determine:

Goal 1. Which models can be considered similar enough to be combined or
reduced in some way and which models are dissimilar so as to be considered
inconsistent or contradictory and kept apart possibly until further arriving
evidence resolves the issue.

Goal 2. Combine models declared as pertaining to the same situation.

Goals 1 and 2 are actually extensions of classical hypotheses testing and
estimation, respectively, applied to those situations where the relevant
probability distributions are either not available from standard procedures or
involve, at least initially, non-probabilistic concepts such as natural language.

* NCCOSC RDTE DIV (NRaD), Code 4221, Seaside, San Diego, CA 92152-7446. The work of
both authors is supported by the NRaD Independent Research Program as Project ZU07.
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1.1. Statement of the problem. In this paper, we consider only
Goal 1, with future efforts to be directed toward Goal 2. Furthermore, this is
restricted to pairwise testing of hypotheses for sameness, when the two models
in question are given in the formal truth-functional forms

Model 1: P(a) = f(P(c), P(d), P(e), P(h),...)
(C) vs.

Model 2 : P(b) = g(P(c), P(d), P(e), P(h),...)

where f g :[0,1]" — [0,1] are known functions and contributing events
c,d,e,h,... all belong to probability space (Q,B,P), ie., ¢, d, e, h,.. € B, a
boolean or sigma-algebra over Q associated with probability measure P. In
general, probability involves non-truth-functional relations, such as the joint or
conjunctive probability of two events not being a function of the individual
marginal probability evaluations of the events. In light of this fact, in most
situations, the “events” a and b in the left-hand side of eq.(1.1) are only
formalisms representing overall “probabilities” for Models 1 and 2, respectively.
However, if events c,d,e,h,... are all infinite left rays of real one-dimensional
space, and f = g is any copula and P on the left-hand side of eq.(1.1) is replaced
by the joint probability measure P, determined by f (see, e.g., Sklar’s copula
theorem [28]), then a and b actually exist in the form of corresponding infinite
left rays in multidimensional real space and eq.(1.1) reduces to an actual truth-
functional form.

Returning back to the general case, suppose legitimate events a and b could
be explicitly obtained in eq.(1.1) lying in some appropriate boolean or sigma
algebra B, extending B in the sense of containing an isomorphic imbedding of all
of the contributing events c, d, e, h,..., independent of the choice of P, but so
that for each P, the probability space (Q2,,B,,P,) extends (£2,B,P), and suppose
P (a&b) could be evaluated explicitly, then one could compute any of several
natural probability distance functions Mpo(a,b). Examples of such include:
D,,o(a,b), Rpo(a,b), E,,o(a,b); where Dpo(a,b) is the absolute probability distance
between a and b (actually a pseudometric over (Q,B,P), see Kappos [21});
Rpo(a,b) is the relative probability distance between a and b; and E,.o(a,b) is a
symmetrized log-conditional probability form between a and b. (See Section 1.4
or [13], [14].) For example, using the usual boolean notation (& for

conjunction, v for disjunction, ( ) for complement, + for symmetric difference
or sum, < for subevent of, etc.),

(1.2) D, (a,b) = Py(a +b) = Pa & b) + P, (a & b )= P(a) +Py(b) - 2P,(a & b).
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Then, by replacing the formalisms P(a), P(b) in eq.(1.1)), by the probabilities
Pa) = fP(c),P(d),P(e),...) and Pb) = g(P(c),P(d),P(e),...), together with the
assumption that the evaluation P(a & b) is meaningful and can be explicitly
determined, the full evaluation of D,.o(a,b) can be obtained via eq.(1.2). In turn,

assuming for simplicity that the higher order probability distribution of the
relative atom evaluations P(a & b), P,(a’& b), P(a & b') are --as P anda and
b are allowed to vary -- uniformly distributed over the natural simplex of
possible values, the cdf Fp, of D,.o(a,b) under the hypothesis of being not identical

can be ascertained. Thus, using F;, and the “statistic” D,,o(a,b) one can test the

hypotheses that a and b are different or the same, up to P,-measure zero. (See
Sections 1.4, 1.5 for more details.)

Indeed, it has been shown that two relatively new mathematical tools -
conditional event algebra (CEA) and the more general relational event algebra
(REA) -- can be used to legitimize a and b in eq.(1.1): CEA, developed prior to
REA, yields the existence and construction of such a and b when functions f
and g are identical to ordinary arithmetic division for two arguments P(c), P(d))
in Model 1 with ¢ £ d, and P(e), P(h) in Model 2 with e < h, i.e., for
conditional probabilities [18]. REA extends this to other classes of functions of
probabilities, including, weighted linear combinations, weighted exponentials,
and polynomials and series, among other functions [13].

Finally, it is of interest to be able to apply the above procedure when the
models in question are provided through natural language descriptions. In this
case, we first convert the natural language descriptions to a corresponding fuzzy
logic one. Though any choice of fuzzy logic still yields a truth-functional logic,
while probability logic is non-truth functional in general, it is interesting to
note that the now well-developed one point random set coverage function
representation of various types of fuzzy logic [10] bridges this gap: the logic of
one point coverages is truth-functional (thanks to the ability to use Sklar’s
copula theorem here [28]). In turn, this structure fits the format of eq.(1.1) and
one can then apply CEA and/or REA, as before, to obtain full evaluations of
the natural event probabilistic distance-related functions and thus test hypotheses
for similarity.

1.2. Overview of effort. Preliminary aspects of this work have been
published in [13], {14]. But, this paper provides for the first time a unified,
cohesive approach to the problem as stated in Section 1.1 for both direct
probabilistic and natural language-based formulations. Section 1.3 provides
some specific examples of models which can be tested for similarity. Section
1.4 gives some additional details on the computation and tightest bounds with
respect to individual event probabilities of some basic probability distance
functions when the conjunctive probability is not available. Section 1.5
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summarizes the distributions of these probability distance functions as test
statistics and the associated tests of hypotheses. Sections 2 and 3 give
summaries of CEA and REA, respectively, while Section 4 provides the
background for one point random set coverage representations of fuzzy logic.
Section 5 shows how CEA can be combined with one point coverage theory to
yield a sound and computable extension of CEA and (unconditional) fuzzy logic
to conditional fuzzy logic. Finally, Section 6 reconsiders the examples presented
in Section 1.3 and sketches implementation for testing similarity hypotheses.

1.3 Some examples of models. The following three examples
provide some particular illustrations of the fundamental problem.

Example 1. Models as weighted linear functions of
probabilities of possibly overlapping events. Consider the
estimation of the probability of enemy attack tomorrow at the shore from two
different experts who take into account the contributing probabilities of good
weather holding, a calm sea state, and the enemy having an adequate supply of
type 1 weapons. In the simplest kind of modeling the experts may provide their
respective probabilities as weighted sums of contributing probabilities of
possibly non-overlapping events

Model 1: P(a) = (w}, P(c)) + (w, P(d)) + (w3 P(e))
(1.3) » VvS.
Model 2 : P(b) = (wy P(c)) + (W, P(d)) + (wy3 P(e))

where 0 Sw;< 1, wy + wy + wy = 1, i =1,2; a = enemy attacks tomorrow,
according to Expert 1; b = enemy attacks tomorrow, according to Expert 2; ¢ =
good weather will hold; d = calm sea state will hold; e = enemy has adequate
supply of type 1 weapons.

Note again that ¢,d,e in general are not disjoint events so that the total
probability theorem is not applicable here. It can be readily shown no solution
exists independent of all choices of P in eq.(1.3) when a, b, ¢, d, e all belong
literally to the same probability space.

Example 2. Models as conditional probabilities. Here,

Model 1: P(a) = P(c | d) (= P(c & d)/ P(d))
(1.4) vs.
Model 2 : P(b) = P(c | e) (= P(c & e}/ P(e))

Models 1 and 2 could represent, e.g., two inference rules “if d, then ¢”, “if e,
then ¢”, or two posterior descriptions of parameter ¢ via different data sources
corresponding to events de. Lewis’ Theorem ([22] -- see also comments in
Section 2.1 here) directly shows that in general no possible a, b, ¢, d, e can exist

in the same probability space, independent of the choice of probability measure.
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Example 3. Models as natural language descriptions. In this case,
two experts independently provide their opinions concerning the same situation
of interest: namely the description of an enemy ship relative to length and
visible weaponry of a certain type.

Model 1 : Ship A is very long, or has a large number of q - type weapons on deck
vs.
(1.5)

Model 2 : Ship A is fairly long, or if intelligence source 1 is reasonably accurate,
it has a medium quantity of q - type weapons on deck

Translating the natural language form in eq.(1.5) to fuzzy logic form [4]:

Model 1: t(a) = (f  (Ingth(A))*v
long 1
(1.6) vs.
Model 2: #(b) = (£, (Ingth(A))">
long

fl ()
arge

(f 1f Y#WQ)L)

v .
2 medium accurate

where v, and v, are appropriately chosen fuzzy logic disjunction operators over
[0,17%. Also, (non-italic) f,:D — [0,1] denotes a fuzzy set membership function
corresponding to attribute ¢; figpos.reals— [0,1] , fy e posreals — [0,1],
foeium :{0,1,2,3,...} = [0,1],  foccurme : Class of intelligence sources — [0,1]
are appropriately determined fuzzy set membership functions representing the
attributes “long”, “large”, “medium”, “accurate”, respectively;

Fredium | Faceurare): {051,2,3,...} % class of intelligence sources — [0,1] is a
conditional fuzzy set membership function (to be considered in more detail in
Section 5) representing the “if-then” statement. Also, #a) = truth or possibility
of the description of ship A using Model 1; #(b) = truth or possibility of the
description of ship A using Model 2; where A = ship A, Q = collection of g-type
weapons on deck of A, L = intelligence source 1; and measurement functions
Ingth( ) = length of () in feet, #() =no. of ().

In this example the issue of determining whether one could find actual
events a,b, such that they and all contributing events lie in the same probability
space requires first the conversion of the fuzzy logic models in eq.(1.6) to
probability form. This is seen to be possible for both the unconditional and
conditional cases via the one point random set coverage representation of fuzzy
sets and certain fuzzy logics. (For the unconditional case, see Section 4; for the
conditional case see Section 5.) Thus, Lewis’ result again is applicable, showing
a negative answer to the above question.

Hence, all three examples again point up the need -- if such constructions
can be accomplished -- to obtain an appropriate probability space properly
extending the original given one where events a, b can be found, as well as the
isomorphic imbedding of the contributing events (but, not the original events !)
in eq.(1.1), independent of the choice of the given probability measure.
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1.4. Probability distance functions. We summarize here some
basic candidate probability distance functions Mp(a,b) for any events a, b
belonging to a probability space (€2,B,P). The absolute distance D, (a,b) has

already been defined in eq.(1.2) for a,b assumed to belong to a probability space
(Q,.B,,P,) extending (Q2,B,P). For simplicity here, we consider any a, b
belonging to probability space (Q2,B,P). First, the naive distance Ny(a,b) is
given by the absolute difference of probabilities

7 Ny(a,b) = P(a)-P(b)\ =|P(a & b) - Pla & b}l .

Here, there is no need to determine P(a&b) and clearly N, is a pseudometric
relative to probability space (£2,B,P). On the other hand, a chief drawback is
that there can be many events a, b which have probabilities near a half and are
either disjoint or close to being disjoint, yet Ny(a,b) is small, while Dy(a,b) for
such cases remains appropriately high. However, a drawback for the latter occurs
when, in addition to a,b being nearly disjoint, both events have low
probabilities, in which case Dy(a,b) remains small, not reflecting the distinctness
between the events. A perhaps more satisfactory distance function for this
situation is the relative probability distance Rp(a,b) given as

(1.8) Ry(a,b) =dg(a,b) /P(a vb) = (P(a)+P(b)-2P(a&b) ) /(P(a) +P(b) - P(a &b)),
=(P(a'&b)+Pla&b’))/(Pa&b)+Pla&b')+ Pla & b))

noting that the last example of near-disjoint small probability events yields a
value of Ry(a,b) close to unity, not zero as for Dy(a,b). Note also in egs.(1.7)
and (1.8) the existence of both the relative atom and the marginal-conjunction
forms. It can be shown (using a tedious relative atom argument) that R, is
also a pseudometric relative to probability space (£2,B,P), just as D, is. (Another
probability “distance” function is a symmetrization of conditional probability
(131)

Various tradeoffs for the use of each of the above functions can be compiled.
In addition, one can pose a number of questions concerning the characterization
of these and possibly other probability distance functions ([13], Sects.1,2).

1.5. Additional properties of probability distance functions
and tests of hypotheses. First, it should be remarked that egs.(1.2) and
(1.8), again point out that full computations of Dy(a,b), Ry(a,b), Ex(a,b) (but,
of course not Ny(a,b)) require knowledge of the two marginal probabilities P(a),
P(b), as well as the conjunctive probability P(a & b). When the latter is
missing, we can consider the well-known extended Fréchet-Hailperin tightest
bounds {20], [3] in terms of the marginal probabilities for P(a&b) and P(a vb):

(1.9) max(P(a) + P(b) -1, 0) £ P(a & b) £ min(P(a),P(b))
<wP(a) + (1-w)P(b)
< max(P(a),P(b)) < P(a v b) < min(P(a) + P(b), 1),
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for any weight w, 0 <w < 1. In turn, applying inequality (1.9) to egs.(1.2) and
(1.8) yields the corresponding tightest bounds on the computations of the
probability distance functions as

(1.10) - Ny(a,b) < Dy(a,b) < min(P(a)+P(b), 2-P(a)-P(b)) ,
(1.11) 1 - min(P(a)/P(b),P(b)/P(a)) < Rp(a,b) < min(1, 2-P(a)-P(b)) .

Inspection of inequalities (1.10) and (1.11) shows that considerable errors
can be made in estimating the probability distance functions when P(a&b) is not
obtainable. In effect, one of the roles played by CEA and REA is to address this
issue through the determination of such conjunctive probabilities when a and b
represent complex models as in Examples 1-3. (See Section 6.)

Eqgs.(1.2), (1.7), and (1.8) also show that these probability distance
functions can be expressed as functions of the relative atomic forms P(a & b),
P(a & b), P(a & b’). Then, making a basic higher order probability assumption
that these three quantities can be considered also with respect to different choices
of P, a, and b as random variables are jointly uniformly distributed over the
natural simplex of values {(s,t,u): 0 <s,tu<l,s+t+u <1} ¢ [0,17%, when a
# b, one can then readily derive by standard transformation of probability
techniques the corresponding cdf F,, for each function M =N, D, R, E. Thus,

(1.12) Fy»=1- (1jt)3, Fp() =7 (3-20), F ()= 7,

for all 0<t <1. To apply the above to testing hypotheses, we simply proceed in
the usual way, where the null hypothesis is H: a# b and the alternative is H: a

= b. Here, for any observed (i.e., fully computable) probability distance function
Mg(a,b), we

(L13) {accept H, (and reject H,) iff Mp(a,b) > C, ,

accept H, (and reject Hy)) iff M (a,b) < C,
where threshold C,, is pre-determined by the significance (or type-one error) level

(1.14) o = P(reject H, | H, true) = Fy, (C,).

Thus, for all similar tests using the same statistic outcome My(a,b), but
possibly differing significance levels o (and hence thresholds C,), considering
the fixed significant level

(1.15) o, = F,(Mp(a,b)) = P(reject H, using Mp(a,b) | H, holds),
1.16) If significance level & < 0., then accept H;,
' If significance level @ > 0., then accept H,.
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2. Conditional event algebra. Conditional event algebra is
concerned with the following problem: Given any probability space (Q,B,P),
find a space (B,,P,) and an associated mapping y: B>—»B, — with B, (and well-
defined operations over it representing conjunction, disjunction, and negation in
some sense) and ¥ not dependent on any particular choice of P — such that
¥(.,Q2): BB, is an isomorphic imbedding and the following compatibility
condition holds with respect to conditional probability:

2.1 P (y«a,b)) = P(alb) , for all a, b in B, with P(b) > 0.

When (B,,P,;¥) exists, call it a conditional event algebra (CEA) extending

(Q,B,P) and call each y(a,b) a conditional event. For convenience, use the
~ notation (alb) for y(a,b). When Q, exists such that (,,B,,P,) is a probability
space extending (2,B,P), call (Q,,B,,P,;¥) a boolean CEA extension. Finally,
call any boolean CEA extension with (Q,,B,.P,) = (Q,B,P) a trivializing
extension.

A basic motivation for developing CEA is as follows: Note first that a
natural numerical assignment of uncertainty to an inference rule or conditional
statement in the form “if b, then a” (or “a, given b”, or perhaps even “a is
partially caused by b”) when a,b are events (denoted usually as the consequent,
antecedent, respectively) belonging to a probability space (Q,B,P) is the
conditional probability P(alb), i.e., formally (noting a can be replaced by a&b)

2.2) P(if b, then a) = P(alb).

(A number of individuals have considered this assignment as a natural one. See,
e.g., Stalnaker [29], Adams [1], Rowe [26].) Then, analogous to the use of
ordinary unconditional probability logic, which employs probability
assignments for any well-defined logical / boolean operations on events, it is
also natural to inquire if a “conditional probability logic” (or CEA), can be
derived, based on sound principles, which is applicable to inference rules.

2.1. Additional general comments. For the following special
cases, the problem of constructing a specific CEA extension of the original
probability space can actually be avoided:

1. All antecedents are identical, with consequents possibly varying. In this
case, the traditional development of conditional probability theory is adequate to
handle computations such as the conjunctions, disjunctions and negations
applied to the statements “if b, then a”, “if b, then ¢”, where, similar to the
interpretation in eq.(2.2), assuming P(b) >0

2.3) P(if b, then a) = P(alb) = P,(a) , P(if b, then ¢) = P(clb) = P,(c) ;

2.4) P((if b, then a)&(if b, then c) ) = P(a&c Ib) = Pi(a&ec) ,
2.5) P(Gf b, then a)v (if b, then ¢)) = P(avc Ib) = P,{a v ¢) ,
(2.6) P(not(if b, then a)) = P(a 1b) = Py(a ),
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where P, is the standard notation for the conditional probability operator P(.Ib),
a legitimate probability measure over all of B, but also restricted, without loss
of generality, to the trace boolean ( or sigma) algebra b&B = {b&d: d in B}. A
further special case of this situation is when all antecedents are identical to Q, so
that all unconditional statements or events such as a, ¢ can be interpreted as the
special conditionals “if Q, then a” , “if Q, then ¢”, respectively.

2. Conditional statements are assumed statistically independent, with
differing antecedents. When it seems intuitively obvious that the conditional
expressions in question should not be considered dependent on each other, one
can make the reasonable assumption that, with the analogue of eq.(2.3) holding,

2.7 P(if b, then a) = P(al b), P(if d, then ¢) = P(c Id ),
the usual laws of probability are applicable and

2.8) P((if b, then a)&(if d, then ¢) ) = P(a 1b)P(c |d) ,
2.9) P((if b, then a)v (if d, then ¢)) = P(a 1b) + P(c |d) - (P(a Ib)P(c \d)).

A reasonable sufficient condition to assume independence of the conditional
expressions is that a&b, b are P-independent of c&d, d (for each of four possible
combinations of pairs). ]
3. While the actual structure of a specific CEA may not be known, it is
reasonable to assume that a boolean one exists, so that all laws of probability
are applicable. Rowe tacitly makes this assumption in his work ([26], Chapter
8) in applying parts of the Fréchet-Hailperin bounds -- as well as further P-
independence reductions in the spirit of Comment 2 above. Thus, inequality
(1.9) applied formally to conditionals “if b, then a”, “if d, then ¢” with
compatibility relation (2.7) yields the following bounds in terms of the
marginal conditional probabilities P(alb), P(cld), assuming P(b), P(d) > O:

(2.10) max(P(a Ib) +P(c Id) -1, 0) < P((if b, then a)&(if d, then c))
<min (Palb).P(cld)) <wPalb)) + ((1-w)P(cld))
< max( P(a b),P(c |d)) < P((if b, then a)v(if d, then c))< min(P(a Ib) +P(cld),1).

Again, apropos to earlier comments, inspection of eq.(2.10) shows that
considerable errors can arise in not being able to determine specific probabilistic
conjunctions and disjunctions via some CEA.

At first glance one may propose that there already exists a candidate within
classical logic which can generate a trivializing CEA: the material conditional
operator =, where, as usual, for any two events a,b belonging to probability

space (2,B,P),b=>a =b’va =b v (a & b). However, note that [7]

2.11) P(b = a)= 1-P(b) + P(a&b) = P(alb) + (P(a’\b)P(b")) > P(alb),
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with strict inequality holding in general, unless P(b) = 1 or P(alb) = 1. In fact,

Lewis proved the fundamental negative result: (See also the recent work [5].)
THEOREM 2.1. ( D. Lewis [22]) In general, there does not exist any

trivializing CEA. O

Nevertheless, the above result does not preclude non-trivializing boolean and
other CEA’s from existing. Despite many positive properties [19], the chief
drawback of previously proposed CEA (all using three-valued logic approaches)
is their non-boolean structure, and consequent incompatibility with many of the
standard laws and extensive results of probability theory. For a history of the
development of non-boolean CEA up to five years ago, again see Goodman [7].

2.2. PSCEA: a non-trivializing boolean CEA. Three groups
independently derived a similar non-trivializing boolean CEA: Van Fraasen,
utilizing “Stalnaker Bernoulli conditionals” [30]; McGee, motivated by utility/
rational betting considerations [23]; and Goodman & Nguyen [17], utilizing an
algebraic analogue with arithmetic division as an infinite series and following up
a comment of Bamber [2] concerning the representation of conditional
probabilities as unconditional infinite trial branching processes. In short, this
CEA, which we call the product space CEA (or PSCEA, for short), is
constructed as follows (see [18] for further details and proofs): Let (Q,B,P) be
a given probability space. Then, form its extension (Q2,,B,,P,) and mapping
= (.l..): B2 = B, by defining (Q,,B,,P,) as that product probability space formed
out of a countable infinity of copies of (£2,B,P) (as its identical marginal).
Hence, Q, = Q x Q X Q X..; B, = sigma algebra generated by (B X B x B
X...), etc. Define also, for any g, b in B, the conditional event (a |b) as:

+oo
(212) (alb)=(a&blb) =V ((b ¥ X (a&b)xQ,) (direct form)
Jj=0
k-1
(2.13) =V ((b¥Yx(a&bxQ,) v (b ¥x(@alb)),k=1,2,3,... (recursive form),
j=0

where the exponential-cartesian product notation holds for anycd € B

[exex..xcxdxdx..xd,if jkare positive integers
J factors k factors
2.14) o xdk =1 cXcX..xe, if jisapositive integer and k = 0
' J factors
dxdx..xd, if j =0 and kis a positive integer,
L k factors

It follows from (2.12) that the ordinary membership function ¢(a Ib):Q —
{0,1} (unlike the three-valued ones corresponding to previously proposed CEA)
corresponding to (alb) is given for any @ = (®,, ®,, ®,,...) in Q,, where for
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any positive integer j, (2.15) implies (2.16):

(2.15)  ¢b)( @) = $(B)(@y) = ...= §(b)(@;.) = 0 < ¢(b)(@) (=1),
(2.16) d(a 1 b)(@) = ¢(a b)(®) (= (@) ).

The natural isomorphic imbedding here of B into B, is simply:
2.17) a & @lQ)y=axQ,,foralla € B
and, indeed, for all a,b € B with P(b) > 0, P,((a b)) = P(a Ib).

2.3. Basic properties of PSCEA. A brief listing of properties of
PSCEA is provided below, valid for any given probability space (Q,B,P) and
any a,b,c,d, € B, all derivable from use of the basic recursive definition for k=1
in eq.(2.13) and the structure of (£2,,B,,P,) (again, see [18]):

(i) Fixed antecedent combinations compatible with Comment 1 of Section 2.1.

(2.18) (alb) & (clb)=(a &clb), (@b)v(clb)y=(avclb), (alb) =(a’th),
2.19) P(alb)&(clb))y=Pla&clb), P((alb)v(cib))=P(avclb),
(2.20) P,((alb)") = P(a 1 b) = 1- P(aIb) = 1-P,((a |b)).

(ii) Binary logical combinations. The following are all extendible to any
number of arguments where

221) @b)&(cldy=A1bvd), (alb)v(cld)=(B!bvd) (formalisms)
222) A=(a&b&c&d)v((a&b&dyx(cld)) v ((b&ec&d)x(@a!b)),
(223) B=(a&b)v(c&d)v ((a’&b &d x(cld)) v (b &c &d)x(@alb)),
(2.24) P((alb)&(cld)=P,(A)P(bvd),
(2.25) P, (@) v(cld))=P(BYPbvd)

=Plalb)+P(cld)- P,(alb) & (c Id)),
(2.26) P(A) =P (a &b &c &d ) +(P(a &b &d YP(c | d)) +(P(b &c &d )P(a b)),
(2.27) P(B) =P((a &b Yv(c &d ))+(P(a ‘&b &d")P(c Id ))+(P(b &c &d YP(a Ib)).

In particular, note the combinations of an unconditional and conditional

(2.28) P,(alb) & (c12))=P(a &b &c) + (P(b "&c )P(alb)),
(2.29) @lb)&blQ=@&b1Q) (modus ponens)

whence (a!b)and (b!Q) are necessarily always P,-independent.
(iii) Other properties including: Higher order conditioning; Partial ordering,
extending unconditional event ordering; Compatibility with probability ordering.

2.4. Additional key properties of PSCEA. (Once more, sec {18]

for other results and all proofs.) In the following a, b, ¢, d, a,bje B, j=1,..,n,
n=1,23,.... Apropos to Comment 2 in Section 2.1 concerning the sufficiency
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assumption of independence of two conditional events) , PSCEA satisfies:

(iv) Sufficiency for P,-independence. If a&b ,b are (four-way) P-independent of
c&d, d , then (a Ib) is P,-independent of (c ld).

(v) General independence property. (a, 1b)),..., (alb,) is always P independent
of (b, v ... vb, 1Q) . (This can be extended to show (a, 1by),..., (a,lb,) is always
P-independent of any (c IQ2) , where c 2 b, v ... vb, or c < (b))’ &...&(b,)".)

(vi) Characterization of PSCEA among all boolean CEA:

THEOREM 2.2 (Goodman & Nguyen [18], pp. 296-301) Any boolean
CEA which satisfies modus ponens and the general independence property must
coincide with PSCEA, up to probability evaluations of all well-defined finite
logical combinations (under &, v, () ) of conditional events. O

(vii) Compatibility between conditioning of measurable mappings and PSCEA

conditional events. Let (L, Bl,Pl)L) (€,,B,,R 0 Z"l) indicate that

Z: Q, — Q,is a (B,,B,)-measurable mapping which induces probability space
(Q,,B,,P0Z"") from probability space (,,B,,P,). When some P, is used in
place of PoZ"', it is understood that P, = PoZ™!. Also, still using the notation

(Q¢,B0,Py;(.1..)) to indicate the PSCEA extension of probability space (2,B,P),
define the PSCEA extension of Z to be the mapping Z: (), = (R,), , where

(230)  Z(@) = (Z(®,), Z(©),Z(®y),...), forall @ = (@,, ®y, ©y,...) € ().

LEMMA 2.1. (Restatement of Goodman & Nguyen [18], Sects. 3.1, 3.4) If

(Q,.B.R —2 (Q,,B,,R, 0 Z"') holds, then does

Z -
(Q)g:(B,)gs(R))—— (©2,),,(By),,(B o Z 1)o) hold (where we can

naturally identify (P,),0Z," with (P10Z"), ) and say that ( ), lifts Zto Z,. [

Next, replace Z by joint measurable mapping X,¥, in eq.(2.30), where
(Q,,B, P)) is simply (Q,B,P), Q, is replaced by Q,xQ,, B, by sigma algebra
generated by (B, X B,), and define

(2.31) (X,Y)(®) = (X(©),Y(®)) , for any @ € Q.

Thus, we have the following commutative diagram:

(Ql’ Bl’P"X.l)
/ ‘K
X
X.Y)
(2.32) (Q,B,P) » (QxQ,,sigma(B,xB,),P«(X, 1))
proj;

(92, Bz, P"Y.l)
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Finally, consider any a € B, and b € B, and corresponding conditional event in
the form (a X b | Q, x b ). Then, the following holds, using Lemma 2.1 and the
basic structure of PSCEA.:

THEOREM 2.3. (Clarification of Goodman & Nguyen [18], Sects. 3.1,
3.4) The commutative diagram of arbitrary joint measurable mappings in
eq.(2.32) lifts to the commutative diagram

(O (Bl)o’(P°X.‘)o)
proj,
X,
X,¥),
(233) (Qo’Bo’Po)_-—_——’ ((QlXQZ)ov(Sigma(BIXBZ))W(P"(X! Y)-l)o)

0 projz
((92)ov ( 2)01 (P°Yl)o) 9

where, we can naturally identify (Q,xQ,), with (Q))oX (€,)o, (sigma(BXB,)),
with sigma((B))oX (B))o)s (PeX),) with PeX, ", (PoY"),) with PoY,", and
(Po(X, Y)Y, with Po(X,,Y,)'. Moreover, the basic compatibility relations
always hold between conditioning of measurable mappings in unconditional
events and joint measurable mappings in conditional events, all aeB, beBy:

(234) P(X € alY € b) (=PX'(a)! Y'\(b)))
=P,(X,Y)y€ (@axblQxb)) =PLXY) (@xblQ xb)). O

3. Relational event algebra. The relational event algebra (REA)
problem was stated informally in Section 1.1. More rigorously, given any two
functions f,g:(0,1]" — [0,1], any probability space (Q,B,P), find a probability
space (Q,,B,,P,) extending (Q,B,P) isomorphically (with B, not dependent on P)
and find mappings a(f), b(g): B™ — B, such that the formal relations in eq.(1.1)
are solvable where on the left-hand side P is replaced by P,, a by a(f)(c,d.e,h,...),
b by b(g)(c, d, e, h,...), with possibly some constraint on the c,d,e,h ,... in B
and the class of probability functions P. Solving the REA problem can be
succinctly put as determining the commutative diagram:

a(f), b(g) FIND
B™ »B,

(3.1) (P(), P(.),P(.),..) l l P,
fg

[0,1}"—————[0,1]

As mentioned before, the CEA problem is that special case of the REA
problem, where f and g are each ordinary division of two probabilities with the
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restriction that each pair of probabilities corresponds to the first event being a
subevent of the second. (See beginning of Section 2 and eq.(2.1).) Other special
cases of the REA problem that have been treated include f, g being: constant-
valued; weighted linear functions in multiple (common) arguments; polynomials
or infinite series in one common argument; exponentials in one common
argument; min and max. The first second and last case are considered here; further
details for all but the last case can be found in [13].

3.1. REA problem for constant-valued functions. To begin
with, it is obvious that for any given measurable space (€,B) other than the
events @ and Q, there do not exist any other constant-probability-valued events
belonging to probability space (,B,P), independent of all possible choices of
P. However, by considering the extensions (Q,, B,, P,), in a modified sense
such events can be constructed. Consider first eq.(1.1) where f and g are any
constants. Let probability space (Q,B,P), be given as before and consider any
real numbers s, ¢ in [0,1]. Next, independent of the choice of s, ¢, pick a fixed
event, say, ¢ in B, with 0 < P(c) < 1 and define for any integers 1 <j<k<n,

3.2) W(nic) = ¢ x ¢ “x ¢,

utilizing notation similar to that in eq.(2.14). Note that all p(j,n;c), as j varies,
are mutually disjoint with the identical product probability evaluation

(3.3) Py(p(imic)) = (P(O))"'P(c"),

where product probability space (€",sigma(B"),P,) has n marginal spaces, each
identical to (Q,B,P) with PSCEA extension ((€2"),,(sigma(B™),(P,),)- Then,
consider the following conditional event with evaluation due to eq.(3.3):

k n
(B4 8Gkme)=(V 1Ll(i,n;C) | V1 wi,me) )i (P)o(8Gknic)) = (kj)/n.
=J+ i=

In addition, it is readily shown that for any fixed n, as j, k vary freely, 1<j<k<n,
the set of all finite disjoint unions of constant-probability events 0(j,k,n;c)) is
closed with respect to all well-defined logical combinations for
("), (sigma(BM)),,(P,),) and is not dependent upon the particular choice of
integer n, event ¢ € B, nor probability P, except for the assumption 0 < P(c) <
1. In order for there to exist constant-probability events which act in a universal
way -- analogous to the role that the boundary constant-probability events @ and
Q, play -- to accommodate all possible values of s, ¢ simultaneously, we must
let n — +oo (or be sufficiently large). One way of accomplishing this is to first
form for each value of n, a new product probability space with first factor being
(R4 By, P;) and second factor being ((Q2),,(sigma(B"),,(P,),) and then formally
allow n to approach +e. By a slight abuse of notation, we will formally
identify this space and limiting process with (2., B,, P,). Finally, with all of
the above stated, we can choose any sequences of rationals converging to s, ¢,
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such as (j,/n),_125. 2§, (kJ/n)pars,.. — ¢t and define

(3.5) O(s,t) = limit 6(j,.k,.,n;c), 6() =6(0,0),

n—> + oo

with the convention, boundary values, and evaluations

(3.6) 0, =0,ifs2t, 6(0)=08, 6(1)=Q,,
3.7 P,(0(s,?)) = max(t-s,0) , P,0() =t ,all0<sr<1.

Hence, an REA solution to f=s and g = ¢ constants in [0,1], is simply to
choose a(f) =0(s) , b(g)=06(r). A summary of logical combination properties
of such “constant-probability” events 6(s,?) and 6(f) are given below:

For all 0 £ ;S 0<s<t<lallg, dj in B, i=1,....m, j=1,..n,m <n,

(3.8) 0(sy,t) & O (55,1;) = B(max(s,,s,), min(t),t)),

3.9) 0(1)) & 0(t,) = 6(min(s,,1,)), 0(t) v 6(t;) = O(max(z,,)),
(3.10) oem) = 6@.1), ©B))Y & 6(r) = 8(s,0),

(3.11) (€) X..XCp X 8(s,1y) ) & (dX...Xd, X 0(5,,t,))

= (& d)X..X(c,, & d,)) X d ., X..xd, X (0(s,,t,) & 0(s5;,1,)) ,

with all obvious corresponding probability evaluations by P,.

3.2. REA problem for weighted linear functions. Consider the
REA problem where, as before, (€2,B,P) is a given probability space with c; €
B, j=1,...,m. For all ¢t = (1,,...,2,,) in [0,1]™, now define

(3.12) O =wyt, +..4+w,t,, 8D = wyt; +... 4w, 1,

(3.13) 0Sw,; <1, wyt.4wy=l, i=12, j=1,..,m.

The following holds for any real w;, with disjoint c, replacing non-disjoint c; :
n ;

G.14) D P wi= X Peyw i Ja={BR)™{(Q..Q),
j=1 gel, T T

4= (quem) s, Wy = ZWJ- € = (et q)) &..&(c,, + q,,).
{: 1gjSm and g; = @)

Then, the REA solution for this case using eq.(3.14) and constant-probability
events as constructed in the last section is seen to consist of the following
disjoint disjunctions of cartesian products

(3.15) a©@= Ve, x 8wy, b= Vi x 8(wy);
gel, geJ,
ig= ZW,-,-

C=(CpyeeisCr) » W .
{j:15j<m and =@}
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Some logical combinations of REA solutions here:

(G16) a()O&HE@ = V ¢, XBlmintwig, wag)
9€/m
G17) apO VRO = V. ¢, XBmaxtwg, wiy) ,

qel,

(3.18) @n)’' = V ¢, X8y, 1) v (¢, &..& c,)).
qel,
A typical example of the corresponding probability evaluations for (Q,,B,,P,) is

G19)  Pla(h© & be)@] = 2 ¢, min(w,,, ws)).
gel,

Applications of the above results can be made to weighted coefficient
polynomials and series in one variable (replacing in eq.(3.15) c; by ¢), as well
as for weighted combinations of exponentials in one or many arguments; but
computational problems arise for the latter unless special cases are considered,
such as independence of terms, etc. (see [15]).

3.3 REA problem for min, max. In this case, we consider in
€q.(1.1) REA solutions when one or both functions f, g involve minimum or
maximum operations. For simplicity, consider f by itself in the form

3.20) f(s,t) = max(s,t), for all s, ¢ in [0,1]

and seek for all events ¢, d belonging to probability space (Q,B,P), a relational
event a(f)(c, d) belonging to probability space (,,B,,P,) where for all P

(3.21) Py(a(f)(c, d)) = max(P(c), P(d)).

First, it should be remarked that it can be proven that we cannot apply any
techniques related to Section 3.2 where the weights are not dependent on P.
However, a reasonable modified REA solution is possible based on the idea of
choosing weights dependent upon P resulting in the form d, when P(c) < P(d),
and ¢, when P(d) < P(c), etc. Using the REA solution in Section 3.2, we have:

(3.22) afed)=(c &d) v ((c&dIxO(wp)) v((c &d)xB(Wpp),

1, if P(d) < P(c), 0, if P(d) < P(c),
(3.23) wpy =10, if P(c) < P(d), wp, =1 1, ifP(c) < P(d), .
w, if P(c) = P(d) 1-w, if P(c) = P(d)

Dually, the case for f= min is also solvable by this approach.
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4. One point random set coverages and coverage functions.
One point random set coverages (or hittings) and their associated probabilities,
called one point random set coverage functions, are the weakest way to specify
random sets, analogous to the role measures of central tendency play with respect
to probability distributions. In this section we show there is a class of fuzzy
logics and a corresponding class of joint random sets which possess
“homomorphic-like” properties with respect to probabilities of certain logical
combinations of one point random set coverages, thereby identifying a part of
fuzzy logic as a weakened form of probability. In turn, this motivates the
proposed definition for conditional fuzzy sets in Section 5. Previous work in
this area can be found in [16], [9], [10].

4.1. Preliminaries. In the following development, we assume all sets D;
finite, j € J , any finite index set, and repeatedly use the measurable map
notation introduced in Sect. 2.4 (vii) applied to random sets and 0-1-valued
random variables. As usual, the distinctness of a measurable map is up to the
probability measure it induces. For any x € D;, denote the filter class on x with
respect to D; as F(D)) = {c: x€ ¢ € D; } and, as before, denote the ordinary set
membership (or indicator) functional as ¢. Denote the power class of any D; as
P(D,) and the double power class of D; as PP(D)). If S ; is any random subset

S. .
of D, written as (Q B,P)—L— (P(D),PP(D),Po5,), use the

multivariable notation S; = (S)),,; to indicate a collection of joint random
subsets S; of D), j € J. Similarly, define the corresponding collection of joint 0-
1 random variables ¢(S,) = (¢(5)))jc; » noting the (x,j)-marginal random variable
here is ¢(S;)(x), for any x € D;, j € J, yielding the relation
S, © ¢8)= (¢(S}. )(x))x P Let 1 denote the separating union:

x

4.1) D)= jUJ(DjXU}), TP D)) = gJJ(P (D;x{j}-
€ je

The following commutative diagram summarizes the above relations for all x €
D,je J.

(Q,B,P) (1P (D)), P(H(P(D),PsS;")

(4.2) ({0,112, P ({0,1}°2), Pu(e(S )™

({0,1}, P ({0,1}), Po(¢(SPG:N™)
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: ‘(f (x)),e,,p ,e)- Also, -
( s » (X5 = €

'cdf of one—dxmensxona_l i argmal cdfs correspondmg to the umform distribution
over [0,1], compatibly defined for n=1,2,... (sée [3]). It will also be useful to
consider the cocopula or DeMorgan transform of cop, i.e., cocop(t,) = 1-cop(l,
1), for all t, € [0, l]’ By Sklar s copula theorem [28]

tD
4.5) F ® —cop((F Lo ,,))xeu, Jesdr £=(t)) reo, , o™
.  ift <0, fj(x), ifr=1,
“46) F ,(0)=11-f;(x),if0St<l, g ()= )
. ] J - 1. =
L ifl1sr. 1=, ifr =0,

where, in particular, WET _ s

E ©0) = g ,(0) = 1-(x), allxe Dy je J.

‘The following is needed :

LEMMA 4.1 (A version of the Mébius inversion formula [27]) Given any
Jfinite nonempty set J and a collection of joint 0-1-valued r.v.’s T, = Tjes s

T; -
(Q, B, P)—L—>{o0, 1},P({0,1}), P T, l) with P(T=1)=A;, P(T=0)=1-A;, j
J, and given any set L ., with the convention of letting P( & (T; = 0)) =

cop((A)jeq) = 1 and cocop((k Wieg) = 0. Then,

= - _ _1) =) p -
“8) P(ﬁ(rj—n&je&(n =0)) = ,Z‘L( DR (& (T =0)
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= EBﬁ(XL;XJ_L),
where we define

(49) cop(Apd,_ ) = 2 (“Dca‘d(x)cop((l - A’j )jeKu(J-L) )
KglL

=8(L=0) + 3, (~D™**'cocop((A,);exoir-1))
K¢l
&(. =..) denoting the Kronecker delta function, noting the special cases

(410)  Tp(h,) = Tp(h,irg) = (DT M eocop(()) k),
(%} ¢=¥ )
4.11) Eop(hgid,) = 1-cocop((A);e ) = cop((1-A);c )- O

4.2. Solution class of joint random sets one point coverage
equivalent to given fuzzy sets. Next, given any collection of fuzzy set
membership functions f,, f:D; — [0,1], j € J, consider S(f;), the class of all
collections of joint random subsets S(f;) of D, which are one point coverage
equivalent to f, , i.e., each S(f)) is any random subset of D;, which is one point
coverage equivalent to f,j € J, ie.,

4.12) P(x e S(f)) =f(x), forallxe D, je J,

compatible with the converse relation in eq.(4.4). It can be shown that when
f=¢(a)), a; € B, j € J, then necessarily S (f) = {a;} , a,= (@),

THEOREM 4.1 (Goodman [10]) Given any collection of fuzzy sets f,, as
above, then S(f)) is bijective to §(S(£)) = {&(SEN): SKE) € S(£)}, which is
bijective to { F = cop((F ) -~ ): cop:[0,11'P7 — [0,1] is arbitrary}.

f, f'xeD,.jes

Proof. This follows by noting any choice of cop always makest a
J
legitimate cdf corresponding to fixed one point coverage functions f; . O

By applying Lemma 4.1 and eq.(4.7), the explicit relation between each S(f;) and
choice of cop generating them is given for any ¢,=(¢)),, ¢; € B,

(4.13) P(S(E) = ¢) = P(&(S(E)) = ;)
=P( & (GSEND =D& & (§(SE)x) = 0))
xec,jet xeD;~c;.jel

= CoP(fy(c,)(X4ce,) i EiD, e ) (X4(D, e,y V-

In particular, when cop = min, one can easily show (appealing, e.g., to the
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unique determination of cdf’s for 0-1-valued r.v.’s by all joint evaluations at 0 —
see Lemma 4.1 -- and by eq.(4.5)) this is equivalent to choosing the nested
random sets S(f;) = fj“[U,l] = {x: xe D;, f; (x) 2U } as the one point coverage
equivalent random sets for the same fixed U, a uniformly distributed random
variable over [0,1]. When cop = prod (arithmetic product) the corresponding
collection of joint random sets is such that S(f;) corresponds to ¢$(S(f;)) being a
collection of independent 0-1 r.v.’s, and hence S(f;) also cormresponds to the
maximal entropy solution in S(f}).

4.3. Homomorphic-like relations between fuzzy logic and one
point coverages. Call a pair of operators &,,v,:{0,1]" — [0,1], well-defined
for n=1,2,3,.. , a fuzzy logic conjunction, disjunction pair, if both operators are
pointwise nondecreasing with &, < v,, and for any 0st<1, j=1,..,n, letting
r=t&,..&t,, s=tv..v, if for any =0, then =0 and s= t,v,.vi4;,
VitjVi.Vit, , andifany £; = 1, then s = 1 and r = t,&,...&4;,& 1. &,... &1, .
Note that any cop,cocop pair qualifies as a fuzzy logic conjunction, disjunction
pair, as does any t-norm, t-conorm pair (certain associative, commutative
functions, see [16]). For example, (min,max), (prod, probsum) are two fuzzy
conjunction, disjunction pairs which are also both cop, cocop and t-norm, t-
conorm pairs, where probsum is defined as the DeMorgan transform of prod.

THEOREM 4.2. Let (cop, cocop) be arbitrary. Then (referring to eq.(4.10):
(i) (cop, cocop) is a conjunctive disjunctive fuzzy logic operation pair which
in general is non-DeMorgan.

(ii) For any choice of fuzzy set membership functions symbolically, f:D, —
[0,1Y and any S(f)) € S(f,) determined through cop (as in Theorem 4.1), and any
x;€ Dy,

(4.14) Top(fx) = P( ,é&', (xj€ S(£)), cocop (fAx)) = P( XJ (x; € S(EY).

(iii) If (cop,cocop) is any continuous t-norm, t-conorm pair, then COp = cop

iff (cop,cocop) is either (min,max), (prod, probsum), or any ordinal sum of
(prod,probsum).

Proof. Part (i) follows from (ii). Part (ii) left-hand side follows from
Lemma 4.1 with T; = ¢(S5(f)), L=J. (ii) right-hand side follows from the

DeMorgan expansion of p( V,(xj es(fj )) = 1-p( &1 (¢(S(fj W X )=0)) and
je je

the last result. (iii) follows from [10], Corollary 2.1. d
The validity for cop = cop without using the sufficiency conditions in (iii)

above are apparently not known at present. Call the family of all (cop,cocop)
pairs listed in Theorem 4.2 (iii), the semi-distributive family (see [10]), because
of additional properties possessed by them. Call the much larger family of all
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(cop,cocop) pairs the alternating signed sum family. cop is a more
restricted function of cocop than a modular transform (i.e., when Cop is

evaluated at two arguments). In fact, Frank has found a nontrivial family
characterizing all pairs of t-norms and t-conorms which are modular to each
other, a proper subfamily of which consists of also copula, cocopula pairs
which, in turn, properly contains the semi-distributive family [6]. When we
choose as a fuzzy logic conjunction disjunction pair (&,,v;) = (cop,cocop),
eq.(4.14) shows there is a “homomorphic-like” relation for conjunctions and
disjunctions separately between fuzzy logic and corresponding probabilities of
conjunction and disjunctions of one point random set coverages. It is natural to
inquire what other classes of fuzzy logic operators produce homomorphic-like
relations between various well-defined combinations of conjunctions and
disjunctions with corresponding probabilities of combinations of one point
random set coverages. One such has been determined:

THEOREM 4.3 (Goodman [10]) Suppose (&,,v,) is any continuous
conjunction, disjunction fuzzy logic pair. Then, the following are equivalent:
(i) For any choice of f;:D;>I0,1], i=l,...,m, j=1,...n, mn 2 1, there is a
collection of joint one point coverage equivalent random sets S(f}) , i=1,...,m,
J=1,...,n, such that for all x; € D;, the homomorphic-like relation holds:

(4.15) &,( Vi(f;(x;)) = P(& (V (x; € S(E)))
=1 j=1 il j=1
(i) Same statement as (i), but with v, over &, and v over &.

(iii) (&,,v,) is any member of the semi-distributive family. a

By inspection, it is easily verified (using, e.g., the nested random set forms
corresponding to min and the mutual independence property corresponding to
prod) that the fuzzy logic operator pairs (&;,v;) = (min,max) and (prod,probsum)
produce homomorphic-like relations between all well-defined  finite
combinations of these operators applied to fuzzy set membership values and
probabilities of corresponding combinations of one point coverages. (The issue
of whether ordinal sums also enjoy this property remains open.) However, it is
also quickly shown for the case D=D, all j € J, the pair (min,max) actually
produces full conjunction-disjunction homomorphisms between arbitrary
combinations of fuzzy set membership functions and corresponding
combinations of one point coverage equivalent random sets. This fact was
discovered in a different form many years ago by Negoita & Ralescu [24] in
terms of non-random level sets, corresponding to the nested random sets
discussed above. On the other hand, the pair (prod,probsum) can be ruled out of
producing actual conjunction-disjunction homomorphisms by noting that the
collection of all jointly independent ¢(S(f)) indexed by D, as f:D — [0,1] varies
arbitrarily, is not even closed with respect to min, max (corresponding to set
intersection and union). For example, note that for any four 0-1 r.v’sT},
7=1,2,3,4, P(min(T,,T,,T5,T,) = 0) # P(min(T,,T,)=0)P(min(T;,T,)=0), generally.
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4.4 Some applications of homomorphic-like representation
to fuzzy logic concepts. The following concepts, in one related form or
another, can be found in any comprehensive treatise on fuzzy logic [4] where
(&,,v,) is some chosen fuzzy logic conjunction, disjunction pair. However, in
order to apply the homomorphic-like relations in Theorems 4.2 and 4.3, we
now assume (&,,v,) is any member of the alternating signed sum family.

(1) Fuzzy negation. Here, 1-f is called the fuzzy negation of f:D - [0,1]. By
noting the almost trivial relation, x € S(1-f) iff not( x € (S(l-f))' the
homomorphic relations presented in Theorems 4.2 and 4.3 can be reinterpreted
to include negations. However, in general it is not true that S(f) = (S(l-f))'
even when they are generated by copulas in the semi-distributive family,
compatible with the fact that fuzzy logic as a truth functional logic cannot be
boolean.

(ii) Fuzzy logic projection. For any f:DxD, —[0,1], xe D,, the fuzzy logic
projection of f at x is

@.16)  fuzzy projy(H) = V, (fx.3) = P( V (x € SE.N),

xeD, ye Dy
a probability projection of a corresponding random set.
(iii) Fuzzy logic modifiers. These correspond to “very”, “more or less”, “most”,
etc., where for any f:D— [0,1], modifier 4:[0,1] — [0,1] is applied
compositionally as A°f:D — [0,1]. Then, for any x € D,

(4.17)  h(f(x)) = P(x € S(hof)) = P(f(x) € S(h)) = P(x € £Y(S(h)))

also with obvious probability interpretations.
(iv) Fuzzy extension principle. In its simplest form, let f:D— [0,1], g:D — E.
Then the f-fuzzification of g is g[f]: E — [0,1] where at any y € E,

(4.18) gifly)= V| (f(x) = P(y e g(S(H)),

x,€87 ()

the one point coverage function of the g function of a random set representing f.
A more complicated situation occurs when f above is defined as the fuzzy
cartesian product X,f; :XD; — [0,1] of f:D; —»{0,1], j € J, given at any x, €
[0,1} as xf; (x)) = &,(f(x,)) . Then, restricting (&,,v,) to only be in the semi-
distributive family, we have in place of (4.18)

(4.19) gifiy = Vi & (f,(x))

x687 () :

= P( V(& (x; € S(;)) = P(y e g(SEN),

x;eg”(y) jet

a natural generalization of (4.18).
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(v) Fuzzy weighted averages. For any f;:D, — [0,1], f;:D, — [0,1] and weight
w,0<w< 1, the fuzzy weighted average of f}, f, at anyxe D,y e D,, is

(4.20) Whi(x)) + (1-w)E()) = Py(a),

421) a= [(xeSEN&yeSEN]V [(xeS(f))&(ye S(f,) X 6(w)]
v [(xe S(f))&(ye S(f,)) x 8(1-w)].

This is achieved by application of the REA solution to weighted linear functions
of probabilities (Section 3.2); in this case the latter are the one point coverage
ones.

(vi) Fuzzy membership functions of overall populations. This is inspired by
the well-known example in approximate reasoning “Most blond Swedes are tall”
where the membership functions corresponding to “blond & tall” and to “blond”
are averaged over the population of Swedes and then one divides the first by the
second to obtain the ratio of overall tallness to blondness, to which the fuzzy set
corresponding to modifier “most” is then applied ([4], pp. 173-185). More
generally, let f:D — [0,1], j=1,2, and consider two measurable mappings

X (D, P (D ),PoX")
4.22) (Q.,B,P) <
’ 6) PD), P P (D)PoSH

where X is a designated population weighting r.v. Then, the relevant fuzzy logic
computations are, noting the similarity to Robbin’s original application of the
Fubini iterated integral theorem [25] and denoting expectation by Ey( ),

(4.23) Ex(f,(X)) = sz(X)dP(X"(x)) =I I¢((S(fz)((D))(x)dP(O))dP(X"(x))
xeD xeD weQ

= .[ I¢((S(fz)(0)))(x) dP(X"(x))dP(w) = j P(X € S(f,)(w)) dP(w)
0weQ) xeD we )

= P(X e S(f)) ,

and similarly,
(4.24) Ey(f(X)&, §,(X)) =P(X e S(f:&,f,)) =P(X e (S(f,) N S(F))).

Hence, the overall population tendency to attribute 1, given attribute 2 is, using
(4.23) and (4.24), is

(4.25)  Ex(f;(X) & £,(X)) | Ex(£,(X)) = P(X e S(f) | X eS(fy)),
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showing that this proposed fuzzy logic quantity is the same as the conditional
probability of one point coverage of random weighting with respect to S(f)),
given a one point coverage of the random weighting with respect to S(f,).

5. Use of one point coverage functions to define conditional

fuzzy logic. This work extends earlier ideas in [11]. (For a detailed history of

the problem of attempting a sound definition for conditional fuzzy sets see
Goodman [8].) Even for the special case of ordinary events, until the recent
fuller development of PSCEA, many basic difficulties arose with the use of
other CEA. It seems reasonable that whatever definitions we settle upon for
conditional fuzzy sets and logic, they should generalize conditional events and
logic of PSCEA. In addition, we have seen in the last sections that
homomorphic-like relations can be established between aspects of fuzzy logic
and a truth-functional-related part of probability theory, namely the probability
evaluations of logical combinations of one point coverages for random sets
corresponding to given fuzzy sets.

Thus, it is also reasonable to expect that the definition of conditional fuzzy
sets and associated logic should tie-in with homomorphic-like relations with one
point coverage equivalent random sets. This connection becomes more evident
by considering the fundamental lifting and compatibility relations for joint
measurable mappings provided in Theorem 2.3: Let f; :D,~ [0,1], j=1,2, be any
two fuzzy set membership functions. In Theorem 2.3 and commutative
diagrams (2.32), (2.33), let (Q2,B,P) be as before, any given probability space,
but now replace X by S(f), Y by S(f,), for any joint pair of one point coverage
equivalent random sets S(f}) €S(f), j=1,2. Also, replace Q; by P(D)), B; by
PP(D)), and in eq.(2.34), event a € B, by filter class F(D,) € PP(D,) and event
b € B, by filter class F(D,) € PP(D,), for any choice of x € D, ,y € D, .
Temporarily, we assume f,(y) > 0. Then, in addition to the result that diagram
(2.33) lifts (2.32) via (), with the corresponding joint random set and one point
coverage interpretation, €q.(2.34) now becomes (recalling eq.(4.3))

(5.1) P(xeS,)lye S(f))
= P((S(E).S(E)), € (FDy) x F(Dy | P(D) x F(Dy))).

Note the distinction between the expression in (5.1) and the one point coverage
function of the conditional random set (S(f)xS(f,) | D,xS(f,)), (where as usual
for any, we Q, (S(E)XS(E,) | DxS(E))(®) = (SEN@)XS(E)(@) | DxS(E,)(w)).
Both (S(f)),S(f,)), and (S(f,)xS(f,) | D,xS(f,)) are based on the same measurable
spaces, but differ on the induced probability measures (see eq.(5.3). The latter in
general produces complex infinite series evaluations for its one point coverage
function (as originally attested to in {12]): For any u = (x,,y;,X2.Y3...) in
(DxD,),, using eqs.(2.12) and (4.8),

(5.2) P(u e (S(f)xS(f,) | D, xS(£,)))
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-1
P((x; € SE) & (3; € SE,) & J&l‘y" € S(t,)))
=0 =

J
400
P (AEDNACHEACH IR ACARIR

j=0

5.3
(P (DYXP (D), » (sigma(P P (DYX P P (D))o Pos (S(E).S(E)),™)

S(£1),5(f2)),
(Q,B,P)
S(£)xS(f,) | D xS(f,))

(@ @) xP (DY), , (sigma(P P (D)X P P (D)))oPASEIXS(E,) | DXS(E))™")

On the other hand, the expression in eq.(5.1) quickly simplifies to the form
(5.4) P(x eS(f) 1y e S(f))
= P((O(SEN)x)=1) & ((SE)))=1)) / PG(SENY)=1)

= cop (f,(x).50) / £,0),
using eq.(4.14) and the assumption that f,(y) > 0.
Thus, we are led in this case to define the conditional fuzzy set (f,If,) as
(5.5)  (flf)(xy) = P(x e S(f) | y € S(f)) = Cop (£,(x).5(0) / £()-
The case of f,(y) = 0, is treated as a natural extension of the situation for the
PSCEA conditional event membership function ¢(alb) in egs.(2.15), (2.16),
namely, for any u = (x},,,%5,¥3,...), With x;in D}, y;in D, :
(5.6) If fi(y,) = f,(y) =..= £,(3;.1) = 0<f;(y)), then, by def. (f,if;)(w) = (f,If,)(x;y;),
noting that the case for vacuous zero values in eq.(5.6) occurs for j =1.
6.7 Iff0) =50)=..=60)=... =0, then by def. (fIf)(u)=0.

More concisely, eqgs.(5.6), (5.7) are equivalent to

oo J-1
(5.8) Gty = 2 TT8(60)=0)-(If)(x.y) .

Jj=1 i=1
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where (f,If,)(x;,y;) is as in eq.(5.5).

Furthermore, let us define logical operations between such conditional fuzzy
membership motivated by the homomorphic-like relations discussed earlier and
compatible with the definition in eqs.(5.5)-(5.8). For example, binary
conjunction here between (f;If;) and (f,If,) for any arguments u = (x,,y,,X2,¥3,-..)s
v = (W,2;,W,Zp,...) is defined by first determining that j and k so that f(y,) =
£,0) =..= £, = 0 < ,0), fi(z) = fz) =..= f(z.) = 0 < £,(2p,
assuming the two trivial cases of O-value in eq.(5.7) are avoided here. Thus,
£,(0), fi(z) > 0. Next, choose any copula and corresponding pair (&,,v) =
(cop,cocop)) in the alternating sum family and consider the joint one point
coverage equivalent random subsets of D;, S(f), j=1,2,3,4 determined through
cop (as in Theorem 4.1, e.g.). Denote one point coverage events a = (x; € S(f)))
(= @SEY)=1) = (SE))'(F, ’ (D), etc) , b= (;€ S(f)),c=(we SH)),d

= (z, € S(f,)) (all belonging to the probability space (2,B,P)). Finally, define
conditional fuzzy logic operator &; as

(9 ()& E)WY) = (ilf)W) & (Ef)V) = P((alb) & (cld))
= PA)PbBvVA)),
(5.10) P(A) =P (a &b &c &d ) +(P(a &b &d IP(c | d ))+(P(b &c &d )P(a b)),

using eqs.(2.24), (2.26). In turn, each of the components needed for the full
evaluation of eq.(5.9) are readily obtainable using, e.g., the bottom parts of
eq.(4.13) and/or eq.(4:14). Specifically, we have:

(5.11) P(a&b&c&d)
(5.12)  P(a &b &d)
(5.13)  P(b&c&d)

cop (fl(xj) S0 j)va(wk)rfA(zk))a
€op (fi(x) .50 ) ;s fu(z)),
cop (f;(wo.fu(z) 5 O j))»

(5.14) Palb)= (fllfl)(xjvy D= (Wp(fl(xj),fz(}’j))/fz()’j)»
(5.15) P(cld) = (flf)(wpzy) = (Cop (F(w).fi(z)VEu(zp),
(5.16) P(b v d) = cocop(f,(y)), fu(zs).

Also, using eqgs.(2.25), (2.27), we obtain similarly,

(.17 ((FiR)vi (i) (wv) = (£lfy)(w) vi(EIf)(V) = P(alb) v (cld))
=Palb) +P(cld)- P(alb) & (cd)),

all obviously obtainable from eqs.(5.9)-(5.16). For fuzzy complementation,

(5.18)  (filfy (w) = ((f)f,)(w)) "= P((alb) § = 1-P(alb) = P(a Tb) = 1-(f,if) () =
1‘(fx|f2)(xp )= (fz()’j)' E_Is(fl(J‘Tj)sfz()’j))) / fz(}’j) = W(fz()’jx fl(xj)) / fz()’j),

all consistent. Combinations of conjunctions and disjunctions for multiple
arguments follow a similar pattern of definition. The following summarizes
some of the basic properties of fuzzy conditionals sets and logic, recalling here
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the multivariable notation introduced earlier:

THEOREM 5.1.  Consider any collection of fuzzy set membership
functions £:D,— [0,1), any choice of cop producing joint one point coverage
equivalent random subsets S(f;) of D; with respect to probability space (Q,B,P),
and define fuzzy conditional membership functions and logic as in egs.(5.5)-
(5.18):

(i) When, any two fuzzy set membership functions reduce to ordinary set
membership functions such as f, = ¢(a,), f; = §(a;), a,, a, € B, then

(f,if)) = ¢(a;x a, | Dy X ay)),

the ordinary membership function of a PSCEA conditional event in product
Jorm.

(i) All well-defined combinations of fuzzy logical operations over
(£I£).(E),),..., when £, = d(ay), reduce to their PSCEA counterparts.
(iii) When f,=1 identically, we have the natural identification

1) =1
(iv) The following is extendible to any number of arguments: When f, = f, = f,
(D&, (EIf) = (f,&, 5 1D), GV (&ID) = (fv 51D ,

where for the unconditional computations f,&f, = Top(f fy) , fiv,f, =
cocop(f,.f;), etc.

(V) Modus ponens holds for conditional fuzzy logic as constructed here:
(flle) &l fz = fl &l fz.

Proof. Straightforward, from the construction. Details are omitted here. dJ

Thus, a reasonable basis has been established for conditional fuzzy logic
extending both PSCEA for ordinary events and unconditional fuzzy logic. The
resulting conditional fuzzy logic is not significantly more difficult to compute
than is PSCEA itself.

6. Three examples reconsidered. We show here briefly how the ideas
developed in the previous sections can be applied to the examples of Section 1.3.
Example 1. (See eq.(1.3).) Applying the REA solution for weighted linear
functions from Section 3.2, we obtain

(6.1) P(a&b)=P(c&d&e) + (min(w, +w,, wy+wy))P(c&d&e’)
+ (min(wy +w 3, wy +wy3))P(c&d &e) + (min(w,+w 3, wy+wy))P(c &d&e)
+ (min(w3,wy;))P(c &d'&e) + min(w ,,wy,))P(c’' &d&e")

+ (min(w,,,w,)P(c&d &e").
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Then, choosing, e.g., the absolute probability distance function, €q.(6.1) yields

(62)  Dp(ab) = P(a)+B(b) - 2P(a&b)
= |(Wl1+W|2)‘(W2|+Wu)|P(C&d&e') + KWIl+wl3)‘(W21+W23)IP(C&d,&e)
+ (Wi tw)3)-(Watwp)IP(c' & d&e) +  Iw 3wyl P(c' &d’ &e)
+ qu‘szlP(Cl&d&e') + |W“'W21lP(C&d’&e').

In turn, use the above expression to test hypotheses a # b vs. a = b
following the procedure in egs.(1.13)-(1.16), where, e.g., the fixed significance
level is

(6.3) 0, = Fy(Dp,(a,b)) = (Dp (a,b))’3 -2Dp(a,b))

using eq.(6.2) for full evaluation.

Example 2. Specializing the conjunctive probability formula in
egs.(2.24), (2.26),

(64)  Pya&b)=P(cld)&(cle))=P(A)/P(dVe),
(6.5) P(A) = P(c&d&e)+ (P(c&d&e')P(cle))+ (P(c&d &e)P(cld)).

Using, e.g., the relative distance to test the hypotheses a # b vs. a = b,
eq.(6.4) allows us to calculate

P(cld)+P(cle) - 2P(a&b)
P(cld)+P(cle) - P(a&b)

(6.6) Ry (a,b) = P,(a+b)/ P(avb) =

Then, we can test hypotheses a # b vs. a= b, by using eqs.(1.13)-(1.16), where
now the fixed significance level is

6.7 0, = FR(R, (a,b)) = (R, (a,b))",

using eq.(6.6) for full evaluation.

Example 3. We now suppose that in the fuzzy logic interpretation in
eq.(1.6) for Model 1, v, is max, while for Model 2, v, is chosen compatible with
conditional fuzzy logic as outlined in Section 5. We also simplify the models
further: The attribute “fairly long” and “long” are identified, thus avoiding the
exponentiation of 1.5 (though this can also be treated -- but to avoid
complications, we make the assumption). We also identify “large” with
medium”. Model 2 can be evaluated from eqs.(5.9)-(5.17), where

(6.8) c=(x e S(fy) , d= (w e 5(f), e=(z¢€ 5(f),
fi(x)) = fioe(Ingth(A)), £, = 1, f3(w)) = freaun(Q)) ,
f4(zl) = faccuraw(L) ’ xl = lngth(A)! yl afbitrary, wl = #(Q)v Z1=L,
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On the other hand, we are here interested in comparing the two models via
probability representations and use of probabilistic distance functions. In
summary, all of the above simplifies to

Model 1: t(a) = P, (a) = max(P(c2 ), P(d))
6.9) vs. .
Model 2 : t(b) = P(b)=P,((c1Q) v(dle))

In turn, applying the REA approach to max in Section 3.5 and using
PSCEA via eq.(5.17) with d = Q, we obtain the description events according to
each expert as

(6.10) a = (c2&d) v ((¢*&d"YxB(w;,)) v () &d)XB(W;2)),
(6.11) 2 =cxc, ()= (cxc)ve'.
(6.12) b= cv(de)=cv(d&e) v ((c'&eIx(dle))

Then again using PSCEA and simplifying,

(6.13) P (a&b)=P(c&DP(c) + P(c&d SP(cCYwp, + P(cEDP(c Wp,
+P(c'&d&e)w,, + P(c'&d&e")P(dle)w,, .

In turn, each expression in eq.(6.13) can be fully evaluated via the use of
eq.(4.13) again:

(6.14) P(c&d) = Top(fy(x)).f5(w3)), P(c'&d&e) = TOP (£(w1).fu(z)):fi(xy),
P(c’ &d&e") = Top (E(w)ifix)Wfi(z)),  Ple) =filx),
P(c&d ) = cop (fi(x))ifs(w))) = P(c) - Plc&d),  P(dle) = (£l f)(w1,2)) ,

etc., with all interpretations in terms of the original comesponding attributes
given in eq.(6.8). Finally, eq.(6.13) can be used, together with the evaluations
of the marginal probabilities P,(a), P.(b) in €q.(6.9) to obtain once more any of
the probability distance measures used in Section 1.4 for testing the hypotheses
ofa#b vs.a=b.
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